Cross sections for positronium formation by capture from the negative hydrogen ion are given. Orthogonalization corrections to the Coulomb (first-order) Born approximation (CBA) difFerential and total cross sections are calculated using approximate H wave functions of both Lowdin [Phys. Rev. 90, 123 (1953)] and Chandrasekhar [Astrophys. J. 100, 176 (1944)]. The present calculation of the CBA cross sections using the post interaction for Lowdin's wave function (LCBAPS) disagrees with the calculation of Choudhury, Mukherjee, and Sural (CMS) [Phys. Rev. A 38, 2358 (1986 ], whereas our results using the prior interaction agree. Thus, where CMS found an order of magnitude post-prior discrepancy in the differential cross sections except at forward angles, and a markedly different shape to the minima. , the present post, and prior results differ by 1 -10'K at 100 eV, and the minima have the same shape and occur within one degree of each other. Chandrasekhar 
I. INTRODUCTION II. ORTHOGONALIZATION Reliable cross sections for the various positronium (Ps) formation processes are essential for an accurate calculation of the width of the 0.511-MeV annihilation line that has been observed in the region of the galactic center [1] , in solar Hares [2] , and in planet, ary nebulae [3] . In the transition regions of planetary nebulae the concentration of the negative hydrogen ion [4] should be large enough for the reaction e+ + H~Ps(nl) + H(ls)
to make an important contribution to the linewidth [5] .
Furthermore, because this reaction is exothermic, it appears to be the dominant mechanism for positronium formation at energies belo~the 6.8-eV positron kineticenergy threshold for electron capture from neutral hydrogen even in regions where the H density is low.
The present calculation relies on the exact treatment of the three species of bound states inherent in Fock-Tani representation.
Also included is the further presumption [6] of treating the proton and positron as isospinlike projections (of different mass) of a single species of "nucleon, " that produced remarkable agreement between the orthogonalized first-order calculation [7] of charge transfer from hydrogen and the (presumably exact) variational result [8] .
In scattering processes involving bound states, one must subtract the projection of the translational states of free particles onto the corresponding bound states if the contribution of these particles to the amplitude is not to be counted twice. Fock-Tani representation [9] has been a powerful tool for generating these orthogonalization corrections. In this representation the reactants, intermediate states, and products are treated symmetrically, and composites are treated exactly within a single second- [ll] for differential angles within 1 mrad of the forward direction at 25, 60 , and 125 keV and for total cross sections at energies greater than 10 keV. They noted that the or-
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Qc 1991 The American Physical Society thogonalization correction substantially cancels the internuclear potential. Straton [12] has shown that excluding these p-p terms yields Fock-Tani cross sections that are 18% smaller than when these terms are included. In contrast, the Brinkman-Kramers result [13] , which excludes the p-p term, is 1000% larger than the first-order Born total cross section that includes this term [14] . Straton and Girardeau [6] were able to generalize the Fock-Tani transformation on the two-nucleon, oneelectron Hilbert space to produce a T matrix for either (2) Lo and Girardeau [7] applied this iso-orthogonalized matrix element to reaction (3) with superb agreement with the variational result of Brown and Humberston [8] , reproduced in Fig. 5 . is fixed at the origin [17] .
The relevent term for (3) Diagram correspondence for Schrodinger opera-
Because (1) is similar to, and more complicated than, (3), one would expect that the problems associated with a Fock-Tani Hamiltonian derived using a product transformation for the one-electron case would also arise in using a product transformation for the two-electron case. Indeed, the cancellation of the even-parity orthogonalization terms appears in both cases, and if the positron is replaced by a proton the internuclear Coulomb term is canceled by the corresponding orthogonalization term.
It is hoped that the ideas behind the correction of these problems in (3) , which lead to excellent agreement with the variational result, will likewise give a reliable result for (1).
Girardeau and Straton [19] have been able to formally generalize the Fock-Tani transformation to include any number of nucleons, electrons, and bound-state species, but the exacting process of applying Varick's theorem to produce the Hamiltonian on the two-nucleon -twoelectron Hilbert space has not been completed. (POM) result, and the solid line is the Pock-Tani result from Lo and Girardeau [7] . A are the Kohn variational (KV) principle results [8] . (3) But the fundamental idea that leads to the excellent results for (3) was not post-prior averaging. That was the consequence. The fundamental idea was the treatment of particles of difFerent mass and same charge as if they were isospin projections of a single species of "nucleon. "
If one draws the electron-nucleon interaction diagrams corresponding to the direct and nucleon-exchange processes (in a coordinate system in which all four particles are dynamical), Fig. 9 , it can be seen that the latter may be transformed into the former by a vertical stretching procedure (multiplying by -1 for each fermion line that is crossed or uncrossed in this procedure), so that they represent the same physical process. The corresponding direct and exchange orthogonalization projectors onto the prior bound states are also equivalent, Fig. 10 to a true difFerence through use of an isotopic spin formalism, leads to an amplitude in which the projectile is orthogonalized using the average of the direct projectors onto the two post bound states.
VI. THE ANALYTICAL REDUCTION
The post Coulomb-Born approximation (CBPS), the first two terms of Fig. 7 inserted in the second term of 
where we have neglected the inertial potentials in Fig. 4 and where 1 P""r'(xy) = e'" u"(r), R, =(x+rly, r=y -x:, 
where 6,"(zy, z'y') = b(R, -R.') ) u" (r) u"'(r'). (16) The remaining terms of Fig. 8 have algebraic translation given in Ref. [18] . They involve a mixing of coordina«s that prevent their analytic reduction to a number of integral dimensions less than five. They will be neglected because they are the exchange corrections to the direct-orthogonalization corrections and are expected to be small. s~.
-~) .. . (1 11 y y2 (19) the first two terms of (17), TiD2oE, are just the negative of the first two terms of (7), Ti2 Ps.
Consider the y' integral in the last two terms of (17) 
where a is the ratio of the nucleon to electron masses in the final bound state, and the sum is over all possible final bound states. In positronium this ratio is one so that only the odd-parity terms in the sum are nonzero, as was found [12] for the orthogonalization corrections 
Introducing the Fourier (three-dimensional integral) representation of the exponential function and the Yukawa potential allows the r integral to be evaluated [23] . One may then introduce a (one-dimensional integral) Gaussian transform [24] to evaluate the s and x integrals, leaving a final expression requiring numerical evaluation of a four-dimensional integral. At low energies and small angles the (momentum) radial, 8, P, and (Gaussian) p integrals required 32, 16, 24, and 16 Gaussian points, respectively, which used 11 hours of CPU time per energy data point on a VAX 750.
VII. RESULTS
cross sections have PS su%xed. Of the intervening letters, CBS refers to the Coulomb Born approximation, DO refers to the positronium direct orthorgonlization result, and BIO refers to the direct iso-orthogonlization result.
The differential cross section for reaction (1) is given in Fig. 12 
